The evaluation of the average value of the position coordinate, x, of a particle moving in a harmonic oscillator potential (V(x)kx 2 /2) with a small anharmonic piece (V(x)kx 3 ) is a standard calculation in classical Newtonian mechanics and statistical mechanics where the problem has relevance to thermal expansion. In each case, the calculation is most easily done using a perturbative expansion. In this note, we perform the same computation of x in quantum mechanics using time-independent perturbation theory and the ladder operator formalism to show how similar results are obtained. We also indicate how a semiclassical calculation using a classical probability distribution can also be used to obtain the same result.
I. INTRODUCTION
The simple harmonic oscillator is one of the most often discussed problems in all of classical, statistical, and quantum mechanics. 1 In addition to its direct connections to important physical systems, one of its most useful features is that at every stage of development, from elementary classical mechanics to quantum field theory, it is exactly soluble and so can be easily used as a closed-form analytic example.
Many interesting physical phenomena, however, rely directly on small deviations away from the simple form of the quadratic potential of the harmonic oscillator. As an example, even introductory texts [2] [3] [4] often stress the fact that the thermal expansion observed in many materials is due to a lack of symmetry about the minimum in the intermolecular potential. Such a feature of realistic potentials can be modeled by the addition of a small anharmonic term of the form V(x)kx 3 to the usual harmonic piece, V(x)kx 2 /2.
The average value of position, x, in such an oscillator can then be calculated using classical Newtonian mechanics see, e.g., Ref. Many texts on quantum mechanics consider the effects of small anharmonicities on the energy spectrum of the harmonic oscillator. A quadratic term of the form V(x)ax 4 is often discussed see, e.g., Refs. 7-11 in the context of perturbation theory where there is a nontrivial first-order effect; such calculations are also often used as an illustration of the power of operator methods and raising/lowering operator techniques are used to evaluate the required matrix elements. In contrast, the V(x)kx 3 term is presented see, e.g., Refs. 10-13 as an example where the first-order correction vanishes due to the symmetry of the problem and the perturbation and a second-order calculation is required. In a few cases, the first-order correction to the wave function itself has also been explicitly presented Refs. 10 and 13, but no physical information is extracted from it.
In this note, we extend these very familiar analyses to evaluate, using perturbation theory and operator techniques, the average value of position for the standard oscillator problem perturbed by a small cubic anharmonic term and make comparisons with the classical and statistical mechanical results. In addition, we also present a derivation of the same effect using classical probability distributions, P CL (x), which are also discussed in many elementary texts and make a nice connection between the classical Newtonian solutions and the probabilistic quantum mechanical derivation using P QM (x)(x) 2 . In Sec. II we very briefly review the classical and statistical mechanical results and their relevance to thermal expansion, while Sec. III presents the main quantum mechanical and semiclassical results. 
II. CLASSICAL RESULTS

In classical Newtonian mechanics, a potential energy given by
where x 0 (t)A cos(t) is the lowest-order result with amplitude A, gives the differential equation
for the O term. This can be easily solved for x 1 (t) using standard techniques to give
The average value of position can be defined via
using, for example, as the period of the unperturbed motion or in the limit that →. In either case, the averaging process singles out the ''dc'' component only, giving
In order to make connections with thermal expansion, we note that the total energy of the unperturbed oscillator system is given by E tot kA 2 /2. For the one-dimensional oscillator with two quadratic degrees of freedom, this energy will also correspond to E2[k B T/2]k B T, where k B is Boltzmann's constant. In this way we find that Eq. 8 implies that
so that the average separation increases with temperature. This last result can be seen more directly see, e.g., Ref. 6 by using the Boltzmann distribution which is proportional to expU(x), where 1/k B T in the thermodynamic average value given by
where we have used the expansion
III. QUANTUM MECHANICAL AND SEMICLASSICAL RESULTS
In quantum mechanics, information on the average value of position is most easily extracted from the position-space stationary state wave functions, in this case labeled n (x). The average value of position in the unperturbed system is given by
which vanishes because of the parity properties of the energy eigenfunctions. The first-order shift in the energy eigenvalue also vanishes since
Using the anharmonic piece, V(x)kx 3 , as the perturbing potential, we require the values of
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To evaluate these, we use the formalism of raising and lowering operators which satisfy
in terms of which the position coordinate is given by
The matrix elements are given by 9,10,12,13
One then has for the first-order wave functions Refs. 10 and 13
Using the perturbed wave function, we find the average value of position to first-order in is given by
We once again make use of raising and lowering operators to
so that the average value of position can be written as
since km 2 . If we then associate the unperturbed energy eigenvalues, E n (0) , via
we do indeed reproduce the result of Eq. 8, namely,
To better visualize how the probability is ''shifted around'' in response to the anharmonic perturbation to yield a nonvanishing value of x, we first plot in Fig. 1 a standard image of the quantum mechanical probability density P QM (x) n (x) 2 solid curve for the case n20. For later comparison, the corresponding classical expression, P CL (x), dot-dashed curve and the classical turning points vertical dashed lines are also shown. The difference in probability densities corresponding to the unperturbed oscillator and the result including the effect of the cubic perturbation to first order given by Eq. 20 is given by
This is seen to be an odd function of x for all values of n and is plotted in Fig. 2 for the same n20 case. The classical connection is better realized by suitably averaging locally over the obvious rapid oscillations in the quantum case, and in Fig. 3 we show the same probability density, but now binned into finite intervals. The shift in probability density from left to right near both the classical turning points is quite similar to what would be expected from classical arguments.
One final way to derive these results is to use semiclassical probability distributions. These are often discussed in elementary texts on quantum mechanics see, e.g., Ref. 14, where the unperturbed harmonic oscillator is the standard example as in Fig. 1 , but which can be applied to many other systems as well. 15 We recall that the average value of a function of the position coordinate can obtained by generalizing Eq. 7 to yield
where we have used the connection v(x)dx/dt and defined the classical probability distribution via Fig. 1 . Quantum mechanical solid and classical dot-dash probability distributions, P QM (x) n (0) (x) 2 and P CL 0 (x) vs x. The state corresponding to n20 is shown and the vertical dashed lines indicate the locations of the classical turning points at A given by E n (n1/2)kA 2 /2. Fig. 2 . The difference in probability densities defined in Eq. 26, P QM (x) vs x between the first-order wave function n (1) (x) of Eq. 20 and the zeroth order result n (0) (x). We use the same value of n20 as in Fig. 1 . Fig. 3 . The difference in probability densities, P QM (x), between the zeroth-and first-order results vs x integrated over small bins in the position coordinate; we use the same value of n20 as in Figs. 1 and 2 . Note that the probability has been shifted slightly from left to right near both classical turning points as expected from a classical picture.
The integral is now taken between the classical turning points, i.e., in the range (x ,x ), which is over only half the period, /2. The local speed is related to the potential energy functions via
For the harmonic oscillator, the standard result is
which satisfies
as it should; this is the classical result reproduced in Fig. 1 . For the perturbed oscillator, the turning points are determined by the roots of the cubic equation where A and has the series expansion
The third extraneous root, which is due to the eventual ''turnover'' of the potential caused by the cubic piece, is given by
and properly is ''pushed to infinity'' when →0.
With these changes in turning points and potential, we can write the expectation value of the position coordinate in the form
The singular nature of the integrands near the classical turning points, however, makes such an expansion far from obviously convergent. To explicitly check the behavior of I for 1, we perform the necessary integrals numerically in this case, using MATHEMATICA ® for several values of and the results are shown in Table I .
For smaller values of , the numerical integration results are not reliable and even for 0.0001 we are somewhat ''in the noise.'' Over this range, however, it certainly seems that the integral is well described by the expansion I3/2 and this implies, of course, that the expectation value of position satisfies as expected from all our earlier results. Using values of in the range 0.001-0.01, it also seems likely that the next term in the expansion is 9 2 /4. We can attempt to extract these results in a more analytic fashion using some rather formal properties of the integrals involved. For example, we can argue that the new classical probability distribution can actually be written in the form where xAz and yz and we have assumed a series expansion for F; one can perform this normalization integral
